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The asymptotic rates of convergence f o r approximate s o l u t i o n s of l i n e a r i z a t i o n s of t h e s t a t i o n a r y Navier-Stokes equations are computat i o n a l l y determined f o r some s p e c i f i c choices of conforming f i n i t e element spaces. These rates a r e computed f o r norms of p h y s i c a l i n t e r e s t and a r e compared t o a v a i l a b l e t h e o r e t i c a l estimates. It i s shown t h a t e q u i v a l e n t r a t e s of convergence are achieved by a l o g r i t h m s which d i f f e r g r e a t l y i n t h e i r computer s t o r a g e and time requirements. The s o l u t i o n of t h e d i s c r e t e system of e q u a t i o n s r e s u l t i n g from t h e f i n i t e element d i s c r e t i z a t i o n i s a l s o discussed. T h i s r e s e a r c h w a s supported by t h e A i r Force O f f i c e of S c i e n t i f i c Research under Grant Nos. AF-AFOSR-80-0083 and AF-AFOSR-80-0091. P a r t i a l s u p p o r t w a s a l s o provided by NASA Contract No. NAS1-15810 w h i l e t h e a u t h o r s w e r e i n r e s i d e n c e a t t h e I n s t i t u t e f o r Computer A p p l i c a t i o n s i n Science and Engineer, NASA Langley Research Center, Hampton, VA 23665.
I n t r o d u c t i o n W e c o n s i d e r t h e approximate s o l u t i o n of l i n e a r i z a t i o n s of t h e
Navier-Stokes e q u a t i o n s of v i s c o u s incompressible flow. I n p a r t i c u l a r we are concerned w i t h conforming mixed f i n i t e element methods. W e make no a t t e m p t h e r e t o s o l v e t h e f u l l n o n l i n e a r Navier-Stokes e q u a t i o n s , b u t c e r t a i n l y t h e r e s u l t s and algorithms d i s c u s s e d below have c o n s i d e r a b l e r e l e v a n c e t o t h a t case. For i n s t a n c e , many i t e r a t i v e a l g o r i t h m s f o r t h e approximate s o l u t i o n of t h e n o n l i n e a r Navier-Stokes e q u a t i o n s r e q u i r e , f o r each i t e r a t i o n , t h e approximate s o l u t i o n of a l i n e a r problem of t h e type w e c o n s i d e r here.
Our f i r s t g o a l i s t o examine t h e r a t e s of convergence of some p a r t i cu l a r f i n i t e element approximations. These rates w i l l be determined f o r norms of p h y s i c a l i n t e r e s t . These a r e t h e L -norms f o r t h e p r e s s u r e and t h e z2 and H -norms f o r t h e v e l o c i t y f i e l d . The l a t t e r are of i n t e r e s t
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" 1 i n t h e c a l c u l a t i o n of flow f i e l d s and of s h e a r stresses, r e s p e c t i v e l y . W e w i l l examine t h e o p t i m a l i t y of t h e s e rates, i. e., how t h e r a t e of convergence of t h e f i n i t e element approximation of smooth s o l u t i o n s , measured i n a given norm, compares with t h e r a t e of convergence of t h e b e s t approximat i o n o u t of t h e f i n i t e element space considered. W e w i l l a l s o be cognizant of t h e work and s t o r a g e requirements of computer implementations of t h e p a r t i c u l a r f i n i t e element algor2thms. Thus, having examined t h e r a t e s of convergence and t h e computing requirements of t h e v a r i o u s a l g o r i t h m s , w e w i l l , a t least i n an asymptotic sense, be a b l e t o draw c o n c l u s i o n s about t h e i r r e l a t i v e e f f i c i e n c y .
F i n i t e element d i s c r e t i z a t i o n s of our l i n e a r p a r t i a l d i f f e r e n t i a l e q u a t i o n s l e a v e us w i t h a l i n e a r system of a l g e b r a i c e q u a t i o n s t o s o l v e .
A second g o a l of t h i s work i s t o d i s c u s s t h e e f f i c i e n t implementation of a Gauss e l i m i n a t i o n a l g o r i t h m f o r t h e s o l u t i o n of t h e s e systems. p a r t i c u l a r a t t e n t i o n t o t h e enforcement of t h e o r t h o g o n a l i t i e s , both p h y s i c a l and nonphysical, which t h e d i s c r e t e p r e s s u r e must s a t i s f y .
W e pay
There e x i s t s an ever growing l i t e r a t u r e concerned w i t h f i n i t e element methods f o r t h e approximate s o l u t i o n of b o t h t h e Stokes and Navier-Stokes equations. Much of t h e mathematical l i t e r a t u r e i s included i n [ 1 , 2 ] . I n a d d i t i o n , of course, t h e r e i s a l a r g e body of e n g i n e e r i n g l i t e r a t u r e which i s mainly d i r e c t e d a t a s s e s s i n g t h e e f f e c t i v e n e s s of a l g o r i t h m s on t h e b a s i s of some e m p i r i c a l c r i t e r i o n such as v i s u a l p r e s e n t a t i o n of flow f i e l d s o r comparison w i t h experiments.
of convergence examined. The d e t e r m i n a t i o n of t h e s e rates f o r smooth s o l u t i o n s of l i n e a r i z a t i o n s of t h e Navier-Stokes e q u a t i o n s i s , as d e s c r i b e d above, a g o a l of t h i s work.
Seldom are t h e asymptotic rates S e c t i o n 2 c o n t a i n s a d e s c r i p t i o n of t h e class of problems we c o n s i d e r
as w e l l as a b r i e f p r e s e n t a t i o n of t h e a n a l y s e s of e r r o r estimates.
S e c t i o n 3 we i n t r o d u c e some p a r t i c u l a r c h o i c e s of f i n i t e elements which w e w i l l u s e t o g e n e r a t e t h e numerical r e s u l t s of S e c t i o n 5. I n S e c t i o n 4 , we d i s c u s s t h e s o l u t i o n of t h e l i n e a r systems of a l g e b r a i c e q u a t i o n s r e s u l t i n g from t h e d i s c r e t i z a t i o n process.
In
E r r o r E s t i m a t e s
The s t a t i o n a r y Navier-Stokes e q u a t i o n s f o r t h e s t e a d y flow of a v i s c o u s incompressible f l u i d are given by
where -u i s t h e f l u i d v e l o c i t y , p t h e p r e s s u r e , R e t h e c o n s t a n t Reynolds number, and -f a p r e s c r i b e d forcing f u n c t i o n . R i s a domain i n IR o r 2 lR' i n which t h e v e l o c i t y and pressure are sought and as1 i s t h e boundary of quoted below t o hold. The v a r i a b l e s appearing i n (2.1) -( 2 . 3 ) have been s u i t a b l y nondimensionalized.
n which i s assumed t o b e s u f f i c i e n t l y smooth f o r t h e r e g u l a r i t y r e s u l t s W e wish t o c o n s i d e r , f o r -x C R, flow f i e l d s which are l l s m a l l l l perturbat i o n s of a g i v e n flow f i e l d
The p e r t u r b a t i o n s , which w e a l s o denote by 2 and p, s a t i s f y l i n e a r i z a t i o n s of (2.1) -( 2 . 3 ) about t h e g i v e n flow f i e l d E. Assuming t h a t -U ( 2 ) .
w e t h e n have t h e l i n e a r i z e d Navier-Stokes e q u a t i o n s
I f -U = 0, t h e n (2.5) -( 2 . 7 ) reduce t o t h e s t a t i o n a r y Stokes e q u a t i o n s while i f U = c o n s t a n t , w e are l e f t w i t h the Oseen e q u a t i o n s [ 3 ] .
The v a r i a t i o n a l form of t h e problem (2.5) -( 2 . 7 ) which we w i l l employ A1 i s the f o l l o w i n g G a l e r k i n formulation. W e seek C HO (52) and
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(2.11) (2.12)
" 1
Here, HO(R) denotes t h e i b e r t space of r e a l o r 3-dimensiona -v e c t o r f o r t h e p r e s s u r e s i n c e c l e a r l y (2.5) -(2.7) can determine t h e p r e s s u r e only up t o a n a d d i t i v e c o n s t a n t . I n (2.10) t h e colon denotes t h e scalar product of t h e two t e n s o r s s t a n d i n g on e i t h e r s i d e . W e n o t e t h a t HO(R) is normed by A1 (2.13)
t h e d u a l s p a c e of HO(R), t h e form < f , I > l i n e a r f u n c t i o n a l on Ho (a). The corresponding form f o r t h e n o n l i n e a r Navier-Stokes e q u a t i o n s i s t h e t r i l i n e a r f o m which i s a1 3 c o e r c i v e i n t..e sense t h a t i f and v a n i s h e s on K?, t h e n w i s divergence f r e e i n S I - The f i n i t e element scheme w e u s e i s t h e s t a n d a r d one. W e choo--subh The existence and uniqueness of t h e approximations 2 and ph t h e forms %(*,*) and b ( o y * ) s a t i f y c e r t a i n c o n t i n u i t y and s t a b i l i t y cond i t i o n s on t h e d i s c r e t e spaces.
f o r t h e s t a t i o n a r y Stokes e q u a t i o n s [ 7 ] , w e omit i t h e r e .
f o l l o w when
Since t h i s a n a l y s i s c l o s e l y p a r a l l e l s t h a t
The analysis of the e r r o r between t h e s o l u t i o n of (2.8), (2.9) and + (2.17), (2.18) i s a l s o given i n [ 7 ] w i t h g e n e r a l i z a t i o n s given i n [5] . These a n a l y s e s a r e based on t h e a p p l i c a t i o n of t h e Babugka t h e o r y t o t h e v a r i a t i o n a l problem: 
( 2 . 2 6 ) follows from t h e c o n d i t i o n s on t h e forms a , ( * , * ) and b ( * , * ) which g u a r a n t e e t h e e x i s t e n c e and uniqueness of t h e s o l u t i o n of t h e problem (2.8),
(2.9).
Furthermore, f o r a R smooth enough, t h e s o l u t i o n ( v + l g ) a l s o s a t i s f i e s a r e g u l a r i t y estimate of t h e t y p e (2.13), i . e . , w e have t h a t
F i n i t e Element P a i r s
The problem ( 2 . 8 ) , (2.9) i s n o t p o s i t i v e d e f i n i t e and t h e r e f o r e d i s c r e t e approximation procedures tend t o be u n s t a b l e . Therefore, some care must b e e x e r c i s e d i n t h e choice of t h e approximating spaces Vh and S . There are
several c o n d i t i o n s t h a t must hold f o r t h e s t a b i l i t y of t h e approximations t o
b e guaranteed; t h e s e may be found, e.g. i n [ 5 ] o r [ 8 ] . The p a r t i c u l a r form of t h e s e conditions which w e w i l l u s e i s now introduced. L e t Wh denote t h e orthogonal complement of Zh i n Vh w i t h r e s p e c t t o t h e i n n e r product
h F u r t h e r , l e t t h e o p e r a t o r divh : Vh+S b e d e f i n e d by t h e r e l a t i o n
-iiwhere b ( * , * ) i s defined by (2.11). 
The c o n d i t i o n s n e c e s s a r y f o r t h e e x i s t e n c e of t h e decomposition ( 3 . 1 ) and t h e o p e r a t o r h o l d f o r t h e problem s e t up i n t h e form (
t i c a l t o t h e c o r r e sponding form f o r t h e s t a t i o n a r y Stokes e q u a t i o n s , t h e s t a b i l i t y c r i t e r i o n ( 3 . 3 ) i s t h e same as t h a t necessary f o r t h a t s i m p l e r case. For t h e element p a i r s considered below, t h e condition ( 3 . 3 ) h a s been shown t o hold [9].
and V , i t i s n o t i n g e n e r a l e a s y t o prove t h a t
It i s e a s y t o show t h a t ( 3 . 3 ) does n o t hold i n g e n e r a l . To see t h i s , take 0 t o be a square. W e subdivide t h e s q u a r e i n t o subsquares and t h e n i n t o t r i a n g l e s as shown i n F i g u r e 1. W e choose Vh t o b e t h e space of v e c t o r valued f u n c t i o n s w i t h components which are continuous piecewise l i n e a r polynomials d e f i n e d on t h e t r i a n g l e s which a l s o v a n i s h on t h e boundary For S , we choose a l l piecewise constant f u n c t i o n s on t h e t r i a n g l e s w i t h z e r o mean over t h e square.
X2.
h From (3.2) it i s simple t o show t h a t h v vh. vh.
On t h e o t h e r hand, by i n s p e c t i o n of F i g u r e 1 and t h e u s e of t h e boundary I n choosing Vh and Sh, a t r i a n g u l a t i o n of R must b e e s t a b l i s h e d f o r Vh and another one f o r Sh. There i s no a p r i o r i reason f o r t h e s e two t r ia n g u l a t i o n s t o b e c o i n c i d e n t , although i n t h e l i t e r a t u r e t h i s i s o f t e n t h e case.
t r i a n g l u l a t i o n s f o r Vh and Sh.
Some of t h e element d i s c u s s e d below u s e d i f f e r e n t , although r e l a t e d ,
Once t r i a n g u l a t i o n s f o r Vh and Sh are chosen, some d i s c u s s i o n must be made about the degrees of t h e element polynomials i n each case. The estimate
(2.21) i n d i c a t e s t h a t i f t h e mesh s i z e s of Vh and Sh are comparable, t h e n s i n c e polynomials so t h a t t h e two terms on t h e r i g h t hand s i d e of (2.21) are of t h e same o r d e r i n h. W e refer t o t h i s c o n d i t i o n on t h e degrees of t h e element polynomials as t h e "comparability condition" between t h e s p a c e s Vh and Sh. W e s h a l l see below t h a t t h i s c o n d i t i o n i s n o t n e c e s s a r y f o r the Z1(R) gence of t h e v e l o c i t y approximations. r e s u l t s of s e c t i o n 5 i n d i c a t e t h a t t h e c o m p a r a b i l i t y c o n d i t i o n i s probably
n e c e s s a r y f o r optimal H (a) convergence. It i s assumed, of course, t h a t t h e chosen elements form a s t a b l e combination i n t h e s e n s e of ( 3 . 3 ) . The spaces Sh s o d e f i n e d are n o t subspaces of L (R) and must t h e r e f o r e be constrained t o s a t i s f y t h e z e r o mean c o n d i t i o n . I n some i n s t a n c e s , t h e -2 s p a c e s Sh m u s t be f u r t h e r contrained i n o r d e r f o r t h e s t a b i l i t y c o n d i t i o n ( 3 . 3 ) t o be s a t i s f i e d . I n IR2 t h i s a d d i t i o n a l c o n s t r a i n t t a k e s t h e form of a s i n g l e o r t h o g o n a l i t y condition which t h e d i s c r e t e p r e s s u r e must s a t i s f y .
The subspace of Sh obtained by imposing t h e above c o n s t r a i n t s on t h e space Sh of d i s c r e t e p r e s s u r e s . such c o n s t r a i n t s are given below i n s e c t i o n 4 .
Details about t h e n a t u r e and implementation of A s t a b l e scheme, a p p a r e n t l y f i r s t suggested i n [7] i s obtained by subd i v i d i n g R i n t o t r i a n g l e s and then choosing Sh t o be a l l piecewise cons t a n t f u n c t i o n s over t h e t r i a n g l e s and q u a d r a t i c v e c t o r f i e l d s over t h e t r i a n g l e s which v a n i s h on t h e boundary aR.
The approximations found using these subspaces are o p t i m a l i n t h e graph norm
estimate (2.19) [ 2 ] b u t , as t h e computations r e p o r t e d below i n d i c a t e , t h e approximation t o t h e v e l o c i t y f i e l d i s n o t optimal i n t h e Gi(!d) norm. W e n o t e t h a t t h e comparability condition i s n o t s a t i s f i e d by t h i s q u a d r a t i c
c o n s t a n t element p a i r .
Zh
Z, s i n c e t h e divergence of elements i n Vh w i l l i n g e n e r a l be piecew i s e l i n e a r f u n c t i o n s w h i l e d i v vh being by d e f i n i t i o n an element of Sh, i s a piecewise c o n s t a n t f u n c t i o n .
Vh t o be a l l continuous piecewise
Furthermore, i t i s clear t h a t divh 4 d i v , i . e . , h -'
A second s t a b l e scheme i s defined as follows. F i r s t , subdivide R i n t o q u a d r i l a t e r a l s and choose Sh over t h e q u a d r i l a t e r a l s . W e then subdivide each q u a d r i l a t e r a l i n t o t r i a n g l e s by drawing a d i a g o n a l and choose v e c t o r f i e l d s over t h e t r i a n g l e s which v a n i s h on t h e boundary are u s i n g d i s t i n c t , although c l o s e l y r e l a t e d , t r i a n g u l a t i o n s i n d e f i n i n g and Sh. t o be a l l p i e c e w i s e c o n s t a n t f u n c t i o n s vh t o be a l l continuous piecewise l i n e a r
Here w e aR.
Vh h c1 (Q) accuracy i n t h e v e l o c i t y approxi-
0
The subdivide s1 i n t o q u a d r i l a t e r a l s and subsequently d i v i d e each q u a d r i l a t e r a l i n t o f o u r t r i a n g l e s by drawing both d i a g o n a l s . Then Vh i s chosen t o be a l l continuous l i n e a r v e c t o r f i e l d s over t h e t r i a n g l e s which v a n i s h on t h e boundary aR and Sh i s chosen t o be S E d i v V . 3h i s a subspace of -h t h e space of a l l p i e c e w i s e c o n s t a n t f u n c t i o n s d e f i n e d over t h e t r i a n g l e s .
R e f e r r i n g t o Figure 2 , a convenient b a s i s f o r l a t e r a l ABCD by t h e t h r e e f u n c t i o n s which are c o n s t a n t s on t h e t r i a n g l e s
ABD, ABC and BCD and z e r o elsewhere. The b a s i s s e t i s t h r e e dimensional w i t h i n each q u a d r i l a t e r a l , i n s t e a d of being f o u r dimensional, because t h e divergence theorem f o r c e s a c o n s t r a i n t w i t h i n each q u a d r i l a t e r a l . It can be
shown t h a t f o r t h e space of a l l piecewise c o n s t a n t f u n c t i o n s over t h e t r i a n g l e s . More d e t a i l s concerning t h i s element p a i r may be found i n [lo].
Sh i s d e f i n e d w i t h i n a quzdrish p o s s e s s e s e s s e n t i a l l y t h e same approximation p r o p e r t y as t h a t The f o u r t h and f i n a l scheme, u n l i k e t h e t h r e e previous ones, i s restrict e d t o regions whose boundaries are s t r a i g h t l i n e s p a r a l l e l t o t h e c o o r d i n a t e axes. piecewise constant f u n c t i o n s over t h e r e c t a n g l e s and piecewise b i l i n e a r v e c t o r f i e l d s over t h e r e c t a n g l e s which v a n i s h on t h e boundary 38. C l e a r l y , f o r t h i s element p a i r , d i v h d i v b u t t h e comparabil i t y c o n d i t i o n h o l d s and we can expect o p t i m a l $'(a) v e l o c i t y approximations.
W e subdivide such a r e g i o n i n t o r e c t a n g l e s and choose Sh t o b e a l l
Vh t o be all continuous accuracy f o r t h e
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. Direct S o l u t i o n of Discrete Equations
The d i s c r e t e l i n e a r system of e q u a t i o n s r e s u l t i n g from u s i n g t h e above f i n i t e element p a i r s Vh, sh i n (2.17), (2.18) i s i n d e f i n i t e , and due t o t h e convection terms depending on E, i s non-symmetric. I f t h e unknowns are numbered s e q u e n t i a l l y according t o nodes, t h e c o e f f i c i e n t m a t r i x i s als o banded. Due t o t h e i n d e f i n i t e n e s s of t h e system, a p a r t i a l p i v o t i n g s t r a t e g y must be used.
For a l l t h e element p a i r s introduced i n s e c t i o n 3, t h e computed p r e s s u r e should be normalized s o t h a t it has z e r o mean. Except f o r t h e q u a d r a t i cc o n s t a n t element p a i r , t h e r e may be an a d d i t i o n a l o r t h o g o n a l i t y c o n d i t i o n which t h e d i s c r e t e p r e s s u r e must s a t i s f y . To see how t h e need f o r such a c o n d i t i o n arises, l e t us consider t h e second element p a i r introduced i n s e c t i o n 3. It i s easy t o v e r i f y t h a t f o r a r e c t a n g u l a r uniform g r i d , t h e d i s c r e t e p r e s s u r e g r a d i e n t a t t h e p o i n t P ( s e e F i g u r e 3) i s given by t h e v e c t o r
4.1)
where pi r e f e r s t o t h e c o n s t a n t discrete p r e s s u r e i n t h e box l a b l e d i.
C l e a r l y t h i s d i s c r e t e g r a d i e n t vanishes n o t o n l y f o r t h e c o n s t a n t f u n c t i o n
--p1 -p2 = p3 = p4 b u t a l s o f o r t h e piecewise c o n s t a n t f u n c t i o n -p3 --p 4 . The l a t t e r f u n c t i o n i s i n t h e n u l l space of t h e d i s c r e t e grap1 = -P2 -d i e n t due t o t h e averaging p r o c e s s which precedes t h e d i f f e r e n c i n g p r o c e s s i n (4.1).
I n t r i a n g u l a t i o n s which can be o b t a i n e d from a r e g u l a r t r i a n g u l at i o n by piecewise l i n e a r mappings t h e q u a d r i l a t e r a l s which subdivide can be l a b e l e d r e d and b l a c k i n a checkerboard p a t t e r n .
d i e n t o p e r a t o r w i l l have a two dimensional n u l l space c o n s i s t i n g of t h e Then t h e d i s c r e t e gra-c o n s t a n t f u n c t i o n and a f u n c t i o n analogous t o t h e o s c i a l l a t i n g f u n c t i o n d e s c r i b e d above f o r t h e g r i d of F i g u r e 3. Indeed, i f R i s a rectangle
and t h e t r i a n g u l a t i o n is uniform, t h i s f u n c t i o n is e q u a l t o one on t h e b l a c k boxes and minus one on t h e r e d boxes. This phenomena a l s o occurs f o r t h e t h i r d and f o u r t h element p a i r s of s e c t i o i l 3 . It i s important t o n o t e t h a t i n g e n e r a l i t i s n o t n e c e s s a r y t o know a p r i o r i t h e number of elements i n t h e n u l l space of t h e g r a d i e n t o r t h e i r e x a c t n a t u r e .
c o r r e c t normalization of t h e d i s c r e t e p r e s s u r e may be accom2lished without such information, e.g. by t h e p r o c e s s d e s c r i b e d i n t h e n e x t t h r e e paragraphs.
The
It w a s found convenient not t o impose any n o r m a l i z a t i o n o r o r t h o g o n a l i t y Zh c o n d i t i o n s on t h e approximating space f o r t h e p r e s s u r e but i n s t e a d t o impose t h e s e c o n d i t i o n s on t h e d i s c r e t e p r e s s u r e by a post-processing procedure. Then, d u r i n g t h e e l i m i n a t i o n p r o c e s s , z e r o p i v o t elements are encountered. n u l l space of t h e d i s c r e t e g r a d i e n t o p e r a t o r , i.e. one f o r t h e q u a d r a t i cc o n s t a n t element p a i r and perhaps two f o r t h e o t h e r t h r e e element p a i r s . t h e a c t u a l computations, t h e s e p i v o t elements are d e t e c t e d whenever a p i v o t i s encountered whose magnitude i s smaller t h a n a p r e s c r i b e d t o l e r a n c e which should depend on t h e machine p r e c i s i o n . t h a t s t e p of t h e e l i m i n a t i o n p r o c e s s may b e skipped s i n c e t h e corresponding column t o be e l i m i n a t e d is a l r e a d y i n reduced form. Then, d u r i n g t h e backsolve, t h e components of t h e s o l u t i o n v e c t o r corresponding t o t h e z e r o
p i v o t s may be a r b i t r a r i l y p r e s c r i b e d , i.e., t h e y may be set t o u n i t y .
The number of such elements i s e q u a l t o t h e dimension of t h e I n When a z e r o p i v o t is encountered, O f course, t h e d i s c r e t e p r e s s u r e found by t h i s p r o c e s s w i l l n o t satisf y any of t h e n o r m a l i z a t i o n o r o r t h o g o n a l i t y c o n d i t i o n s . However, t h e s e may now be imposed on t h e s o l u t i o n of t h e d i s c r e t e e q u a t i o n s by a simple post-processing procedure which renders t h e d i s c r e t e p r e s s u r e o r t h o g o n a l t o t h e n u l l space of t h e d i s c r e t e g r a d i e n t . W e n o t e t h a t t h e d i s c r e t e veloci t y f i e l d computed by t h e e l i m i n a t i o n procedure d e s c r i b e d above i s c o r r e c t
and t h u s needs no f u r t h e r processing. To d e s c r i b e t h e post-processing procedure f o r t h e d i s c r e t e p r e s s u r e , l e t us denote by P' t h e v e c t o r whose A components PI are t h e d i s c r e t e pressure i n t h e j -t h p r e s s u r e element ( t r i a n g l e s f o r t h e quadratic-constant element p a i r , q u a d r i l a t e r a l s f o r t h e second element introduced i n s e c t i o n 3 , e t c ) . Then P' i s an element of IRJ where J i s t h e number of p r e s s u r e elements. Now l e t {p},
denote an orthogonal b a s i s f o r t h e n u l l space of t h e d i s c r e t e g r a d i e n t o p e r a t o r , where K = 1 f o r t h e q u a d r a t i c -c o n s t a n t element p a i r
and K may be 2 f o r t h e o t h e r three element p a i r s . ( I n c i d e n t a l l y , t h e d i s -
c r e t e g r a d i e n t o p e r a t o r , being a l i n e a r o p e r a t o r between t h e f i n i t e dimens i o n a l spaces sh and Vh, may be expressed as a matrix. Indeed, t h e d i sc r e t e divergence o p e r a t o r divh has t h e m a t r i x r e p r e s e n t a t i o n D whose elements are given by where {q,) and are b a s i s s e t s f o r Sh and Vh, r e s p e c t i v e l y . Then t h e d i s c r e t e g r a d i e n t o p e r a t o r may be r e p r e s e n t e d by D .) W e t h e n d e f i n e P rIRJ by T Then t h e piecewise c o n s t a n t function ph whose v a l u e i n t h e j -t h p r e s s u r e element i s given by t h e j -t h component of P, i.e. P i s t h e post-processed ph w i l l s a t i s f y a l l t h e r e q u i r e d
For some s i m p l e geometries and t r i a n g u l a t i o n s , i t i s p o s s i b l e t o d e t e r -'k mine t h e v e c t o r s { S } by i n s p e c t i o n . I n t h e g e n e r a l case, t h e y may be determined, with n e g l i g i b l e a d d i t i o n a l c o s t , as f o l l o w s . When w e perform t h e backsolve s t e p i n t h e e l i m i n a t i o n procedure, w e do i t w
o zero. When t h e f i r s t z e r o p i v o t element i s reached during t h e backsolve, the corresponding element i n t h e s o l u t i o n v e c t o r corresponding t o t h e f i r s t a d d i t i o n a l r i g h t hand s i d e i s s e t e q u a l t o u n i t y , w h i l e f o r t h e second r i g h t hand s i d e , i f i t is n e c e s s a r y , i t i s s e t e q u a l t o zero. I f a second zero p i v o t element i s reached, t h e above assignments of t h e corresponding components i n t h e s o l u t i o n v e c t o r s are reversed. A t t h e end
of t h e e l i m i n a t i o n procedure, t h e s o l u t i o n v e c t o r s corresponding t o t h e a d d i t i o n a l r i g h t hand s i d e s w i l l c o n t a i n , i n t h e i r components which are d i s c r e t e p r e s s u r e s , a b a s i s f o r t h e n u l l space of t h e d i s c r e t e g r a d i e n t + o p e r a t o r . The { S 1 found t h i s way w i l l i n g e n e r a l n o t be orthogonal; of c o u r s e and orthogonal b a s i s i s found, a g a i n a t n e g l i g i b l e c o s t , by rep l a c i n g t2 by The s t o r a g e and computing t i m e r e q u i r e d by t h e f o u r schemes d e s c r i b e d i n s e c t i o n 3 d i f f e r s h a r p l y . A s a n example, l e t f2 be a r e c t a n g l e sub- I n Table 1 we t a b u l a t e t h e number of unknowns and half-bandwidth of t h e c o e f f i c i e n t m a t r i c e s r e s u l t i n g from each scheme. The t a b u l a t e d e x p r e s s i o n s are v a l i d f o r l a r g e N , i.e. we only g i v e the l e a d i n g term i n N. W e a l s o g i v e t h e s t o r a g e and computing time requirements f o r each element p a i r r e l a t i v e t o t h o s e f o r t h e quadratic-constant element p a i r . I n t h e t a b l e , QC r e f e r s t o t h e q u a d r a t i c c o n s t a n t element p a i r , LC2 and LC4 t o t h e l i n e a r -c o n s t a n t element p a i r s w i t h two and f o u r t r i a n g l e s p e r q u a d r i l a t e r a l , r e s p e c t i v e l y , and BC t o t h e b i l i n e a r -c o n s t a n t element p a i r .
C l e a r l y t h e element p a i r s LC2 and BC r e q u i r e s i g n i f i c a n t l y less s t o r a g e and computing time. This i s s i g n i f i c a n t s i n c e , as w e s h a l l see i n t h e next s e c t i o n , a l l f o u r element p a i r s achieve t h e same rates of convergence.
5.
Computational R e s u l t s I n o r d e r t o compute t h e asymptotic e r r o r behavior as a f u n c t i o n of t h e g r i d s i z e h , (2.5) -(2.7) was solved i n t h e r e g i o n f o r a problem whose e x a c t s o l u t i o n i s s i n ITX s i n 2 1~y
x ( 1 -x ) s i n ny i n s t a n c e , i n (2.21), u s i n g l i n e a r v e l o c i t y and c o n s t a n t p r e s s u r e elements w e o b t a i n and only t h e m u l t i p l i e r of h depends on -f and F. Indeed, f o r F 0 , t h e r e g u l a r i t y estimate (2.16) i s replaced by W e w i l l u s e t h e n o t a t i o n of Table 1 i n l a b e l i n g t h e element p a i r s .
I n a l l cases t h e t r i a n g u l a t i o n of 51 s u b d i v i d i n g R i n t o smaller s q u a r e s of s i d e h and, when c a l l e d f o r , f u r t h e r subdividing t h e s e s q u a r e s i n t o t r i a n g l e s . Although t h e problems and r e g i o n s considered here a r e r a t h e r simple, t h e y s u f f i c e t o determine t h e asymptotic rates of convergence of t h e approximations. norms (5.1) may be e a s i l y computed e x a c t l y (except, of c o u r s e , f o r roundoff e r r o r s ) . Then, by t h e t r i a n g l e i n e q u a l i t y ,
The reason f o r comparing w i t h t h e i n t e r p o l a t e i s t h a t t h e
where 11 It* denotes e i t h e r of t h e norms i n (5.1). The f i r s t term on t h e r i g h t of (5.2) i s p u r e l y approximation t h e o r e t i c a l and can be e a s i l y e s t i m a t e d f o r smooth s o l u t i o n s . The second term on t h e r i g h t w i l l be e s t i m a t e d by t h e computations reported below.
The e r r o r s i n t h e p r e s s u r e were a l s o computed relative t o an i n t e rp o l a n t . For t h e element p a i r QC t h i s i n t e r p o l a n t w a s the Sh -i n t e rp o l a n t w i t h t h e i n t e r p o l a t i o n p o i n t s being t h e c e n t r o i d s of t h e t r i a n g l e s .
For LC2 and BC element p a i r s t h e Sh -i n t e r p o l a n t w a s a g a i n used w i t h t h e i n t e r p o l a t i o n p o i n t s b e i n g t h e c e n t r o i d s of q u a d r i l a t e r a l s .
t h e LC4 c o n s t a n t f u n c t i o n s over t h e q u a d r i l a t e r a l s , w i t h t h e i n t e r p o l a t i o n p o i n t s being t h e c e n t r o i d s of q u a d r i l a t e r a l s . Furthermore, f o r t h e LC4 g r i d
we r e p l a c e ph by t h e average v a l u e of ph over each q u a d r i l a t e r a l .
For g r i d , we used t h e i n t e r p o l a n t on t h e space of a l l piecewise
The r a t e s of convergence w e r e c a l c u l a t e d by assuming t h a t t h e e r r o r s i n every case have t h e form Cha and t h e n computing a between each p a i r of s u c c e s s i v e g r i d s by t h e formula where &i denotes any of t h e e r r o r s .
-2
T a b l e s 2-5 c o n t a i n t h e computed convergence rates f o r t h e L (n) e r r o r A1 i n t h e p r e s s u r e approximation and t h e Z2(n) and HO(R) e r r o r s i n t h e v e l o c i t y approximation f o r each of t h e f o u r element p a i r s . g r i d s ranging from h = 1 / 7 t o h = 1 / 1 4 were used t o g e n e r a t e t h e e n t r i e s i n t h e t a b l e .
A sequence of
For t h e element p a i r s LC2, LC4 and BC, t h e rates given i n t h e t a b l e s are a t least as g r e a t as the correponding rates f o r t h e approximation e r r o r . Therefore, by (5.2) t h e rate of convergence w i l l b e no worse t h a n t h a t g i v e n by t h e approximation t h e o r e t i c p a r t , i . e . , convergence i s optimal.
I n t h e s e t h r e e cases, On t h e o t h e r hand, t h e rates given i n Table 2 show t h a t i n (5.2) t h e v e l o c i t y e r r r o r s are dominated by t h e second term on t h e r i g h t hand s i d e .
and approximation e r r o r s a r e O(h ) and O(h ), r e s p e c t i v e l y , w h i l e by I n f a c t , t h e estimates (5.3) hold f o r t h e element p a i r QC, i n s p i t e of t h e f a c t t h a t i t i s c o n s i d e r a b l y more complex t o compute w i t h t h a n t h e o t h e r elen e n t p a i r s ( s e e h O(h3); however, d i r e c t computation of t h e s e e r r o r s , based 2 I f we allow t h e Reynolds number t o become v e r y small, t h e n (2.5) b e g i n s Not t o l o o k more and more l i k e a Poisson e q u a t i o n f o r t h e components of s u r p r i s i n g l y , t h i s improves t h e r a t e s of convergence of t h e v e l o c i t y approximation f o r t h e element p a i r QC r e l a t i v e t o t h e rates given i n Table 2 , i.e.
t h e y approach t h e optimal rates. O f c o u r s e , t h e rate f o r t h e o t h e r element p a i r s are u n a f f e c t e d s i n c e they were a l r e a d y optimal.
g.
W e n o t e t h a t i n some i n s t a n c e s the rates measured r e l a t i v e t o t h e i n t e r p ol a n t a r e one o r d e r h i g h e r than the corresponding rates f o r t h e approximation e r r o r . T h i s happens f o r a l l the pressure e r r o r s and f o r t h e 2 ; v e l o c i t y e r r o r s f o r t h e element p a i r s LC2 and BC. T h i s form of "superconvergence" i s p o t e n t i a l l y u s e f u l , f o r example when linear f u n c t i o n a l s of t h e t r u e solut i o n are t o be approximated. F i n a l l y we n o t e t h a t t h e estimates given i n (5.3) are everywhere i n agreement with corresponding t h e o r e t i c a l estimates (2.21), (2.22) and (2.24).
T h e r e f o r e , i t seems t h a t the l a t t e r are indeed sharp. 
